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We study a topological band degeneracy in non-Hermitian systems with parity-time (PT ) and
parity-particle-hole (CP ) symmetries. In d-dimensional non-Hermitian systems, it is shown that
(d − 1)-dimensional exceptional surfaces can appear from band touching thanks to PT or CP
symmetry. We investigate the topological stability and zero-gap quasiparticles for the exceptional
surfaces due to the band degeneracy. We also demonstrate the band degeneracy by using lattice
models of a topological semimetal and a superconductor.
I. INTRODUCTION
Since the discovery of topological insulators1,2, many
topological gapped phases have been suggested from sys-
tematic topological classification of quantum matters3.
This idea of the classification is generalized to gapless
phases4–6. Topologically gapped and gapless phases are
related because some topological gapless phases neces-
sarily intervene between trivial and topological gapped
phases7–18. Furthermore, crystal symmetries play an im-
portant role in topological phases. For example, parity
(P ) symmetry enables different topological phases19–26.
The concept of the topological phases has been re-
cently extended to non-Hermitian systems27. While one-
dimensional non-Hermitian topological gapped phases
have been mainly studied28–39, more recent works
have investigated nontrivial phases in two- and
three-dimensional non-Hermitian systems40–49. Novel
topological phases are allowed in high-dimensional
systems43,45 because time-reversal (T ) and particle-hole
(C) symmetries are unified by non-Hermiticity41,43,45,50.
As with Hermitian systems, particle-hole symmetry
can be seen in various non-Hermitian topological
systems31,36,38,45,51–56. Non-Hermiticity also provides
relevant topological phenomena such as topological in-
sulator lasers57,58 and anomalous edge states33,35,46,47.
As non-Hermitian topological gapless structures, ex-
ceptional points emerge from band degeneracy in two-
dimensional systems59–69. The exceptional points ap-
pear between normal and Chern insulator phases in
non-Hermitian systems42,44,46. In three-dimensional sys-
tems, exceptional lines are realizable in the momen-
tum space70–76. In addition to topological phases,
such non-Hermitian band touchings give zero-gap
quasiparticles64–69,72–74. For instance, the zero-gap
states form lines called bulk Fermi arcs in the two-
dimensional momentum space64–69. Moreover, when
non-Hermitian systems have parity-time (PT ) symme-
try, exceptional points and lines can emerge in the one-
dimensional31,38,77 and the two-dimensional bands78–81,
respectively. Hence, it is beneficial to reveal a rela-
tionship between the band degeneracy and symmetry
through non-Hermitian topology in general dimension.
In this paper, we study band degeneracies such as ex-
ceptional lines and exceptional surfaces in non-Hermitian
systems when parity-time (PT ) or parity-particle-hole
(CP ) symmetry is present. In particular, the cases of
(PT )2 = 1 and (CP )2 = 1 are investigated. We eluci-
date generic conditions to realize exceptional surfaces,
and characterize them by using Z2 topological invari-
ants. It is shown that zero-gap quasiparticle states ac-
company the topological exceptional surfaces. To confirm
our theory, we investigate non-Hermitian lattice models
of a topological nodal-line semimetal and an even-parity
superconductor.
This paper is organized as follows. In Sec. II, we con-
struct effective models to describe exceptional surfaces
in non-Hermitian systems. In Sec. III, we discuss general
topological properties of the exceptional surfaces. We
study lattice models to show the exceptional surfaces in
Sec. IV. Our conclusion is given in Sec. V.
II. BAND DEGENERACY IN
NON-HERMITIAN SYSTEMS
In this section, we study general conditions to real-
ize exceptional points, lines and surfaces. We investi-
gate an accidental band degeneracy between two states
in non-Hermitian systems. Therefore, we consider two-
band non-Hermitian effective models.
A. General two-band effective Hamiltonian
Firstly, we introduce the topological theory of band
degeneracy in non-Hermitian systems without symmetry.
When two states are nondegenerate, the energy eigenval-
ues can be described by a 2× 2 matrix which represents
the subspace of the two states42,59,60. We apply the the-
ory to non-Hermitian bands with PT and CP symmetries
in the next section. The generic effective Hamiltonian at
2wavevector k is
H(k) = (a0 + ia1)σ0 + b0 · σ + ib1 · σ, (1)
where σ0 and σ = (σx, σy, σz) are the identity matrix
and Pauli matrices, respectively. Here, a0,1 and bi=0,1 =
(bi,x, bi,y, bi,z) are real. The energy eigenvalues are
E±(k) = a0 + ia1 ±
√
b0 · b0 − b1 · b1 + 2ib0 · b1. (2)
If the two states become degenerate, i.e., E+ = E−, the
bands satisfy
b0 · b0 − b1 · b1 = 0, b0 · b1 = 0. (3)
Therefore, we have the two conditions for the band de-
generacy. To satisfy these conditions, the system needs
(at least) two tunable parameters. In general, struc-
tures of band degeneracy are determined by the differ-
ence between the number of parameters and that of con-
ditions for the band degeneracy. In d-dimensional non-
Hermitian systems, since we have d components of the
wavevector, band degeneracy with (d − 2)-dimensional
surface is realizable if d ≥ 2 [Figs. 1(a) and 1(b)]. The
band degeneracy can be characterized by a half-integer
topological invariant42,65,75. Note that the conditions in
Eq. (3) are unchanged by only unitary crystal symmetry
UHU−1 = H with a unitary matrix U because this sym-
metry equally acts on b0 · σ and b1 · σ in Eq. (1). Thus,
we consider anti-unitary symmetries PT and CP .
B. Exceptional surfaces in PT - and CP -symmetric
non-Hermitian systems
We construct effective models to clarify conditions
of band degeneracies in PT - and CP -symmetric non-
Hermitian systems. We study both cases of (PT )2 = 1
and (CP )2 = 1. Firstly, we consider PT symmetry which
imposes (PT )H(k)(PT )−1 = H(k) on the Hamiltonian
in Eq. (1). Because this symmetry is antiunitary, it can
be generally represented as PT = UK, where U is a
unitary matrix and K is complex conjugation. From
(PT )2 = 1, we can set U = σ0 by choosing a proper
basis41. Then, the effective Hamiltonian is
H(k) = a0σ0 + b0,xσx + b0,zσz + ib1,yσy. (4)
The energy eigenvalues are
E±(k) = a0 ±
√
b0 · b0 − b1 · b1. (5)
Hence, PT symmetry automatically leads to b0 · b1 = 0
in Eq. (3). In other words, the band degeneracy happens
if b0 · b0− b1 · b1 = 0 is satisfied in the momentum space.
The number of conditions for the band degeneracy is re-
duced to one. As a result, (d−1)-dimensional exceptional
surfaces can emerge in the d-dimensional non-Hermitian
systems when d ≥ 1. Thus, as shown in Figs. 1(c) and
(d), we can obtain exceptional lines and surfaces in two-
FIG. 1. Schematic drawings of band degeneracies in the non-
Hermitian systems. (a) An exceptional point and (b) an ex-
ceptional line in the two- and the three-dimensional systems
without symmetries. (c) An exceptional line and (d) an excep-
tional surface in the two- and the three-dimensional systems
with PT or CP symmetry.
and three-dimensional non-Hermitian systems with PT
symmetry, respectively.
In the presence of the PT symmetry, energy eigenval-
ues can be real82–84. Then, we can see that the number of
real eigenvalues changes on the exceptional surface. From
Eq. (5), we have two real energy eigenvalues in the mo-
mentum space for b0 · b0 > b1 · b1. Meanwhile, the eigen-
values become complex in the region b0 ·b0 < b1 ·b1. The
change of the number of real eigenvalues is significant for
the topological characterization of the exceptional sur-
faces, as described in Sec. III.
Secondly, let us consider CP symmetry described by
(CP )H(k)(CP )−1 = −H(k). CP symmetry is also anti-
unitary. When CP = K is chosen in a proper basis, we
obtain
H(k) = ia1σ0 + b0,yσy + ib1,xσx + ib1,zσz . (6)
Therefore, CP symmetry also gives b0 ·b1 = 0. Hence, we
can also obtain (d−1)-dimensional exceptional surfaces in
the d-dimensional CP -symmetric systems. Moreover, it
is found that the number of purely imaginary eigenvalues
changes on the exceptional surface in the CP -symmetric
system.
III. TOPOLOGICAL PROPERTIES OF
EXCEPTIONAL SURFACES
Here, we characterize exceptional surfaces topologi-
cally when non-Hermitian systems have PT or CP sym-
metry. We also reveal the topological properties asso-
ciated with the exceptional surfaces. For simplicity, we
3assume that the exceptional surfaces exist at zero en-
ergy without loss of generality because the origin of the
energy can be shifted. In this section, we refer to (d−1)-
dimensional exceptional surfaces just as exceptional sur-
faces.
A. Z2 topological characterization for exceptional
surfaces
We begin with topological characterization of excep-
tional surfaces in PT symmetric non-Hermitian systems.
Before going into the details, we introduce a topologi-
cal invariant for the zero-dimensional non-Hermitian sys-
tems with PT symmetry, according to Ref. 43. The PT -
symmetric HamiltoniansHPT are classified by a Z2 topo-
logical invariant given by43
s = sgndet(HPT ) = (−1)
nR− , (7)
where nR− is the number of the real negative energy
eigenvalues. The topological invariant s is defined when
HPT does not have zero-energy eigenvalues. If s =
+1(−1), the system has an even (odd) number of en-
ergy eigenvalues on the negative energy axis43. There-
fore, when the system has zero-energy eigenvalues, it can
be understood as a topological phase transition.
When a non-Hermitian PT -symmetric system has a
band degeneracy, the momentum space is divided by the
exceptional surfaces, as illustrated in Figs. 1(c) and (d).
To characterize the exceptional surfaces, we regard each
point k in the momentum space as a zero-dimensional
system with PT symmetry. Because the Hamiltonian
satisfies (PT )H(k)(PT )−1 = H(k) for all k, we can de-
fine s(k) on each point by using Eq. (7). By assumption,
we can interpret the exceptional surface as a topologi-
cal phase transition in the momentum space by chang-
ing k. Thus, the exceptional surfaces can be character-
ized by the Z2 topological invariant leading to topolog-
ical protection85. This argument is consistent with the
change of nR−(k) on the exceptional surface, as discussed
in Sec. II B.
Next, we consider CP -symmetric non-Hermitian sys-
tems. Similarly, zero-dimensional CP -symmetric sys-
tems are classified by a Z2 topological invariant
43. Thus,
the Z2 topological invariant can characterize exceptional
surfaces in the CP -symmetric systems. For the zero-
dimensional CP -symmetric Hamiltonian HCP , the Z2
topological invariant is43
s′ = sgndet(iHCP ) = (−1)
nI+ , (8)
where nI+ is the number of the energy eigenvalues on the
positive imaginary axis. We define the topological invari-
ant s′ when HCP does not have zero-energy eigenvalues.
Eventually, we can also characterize the exceptional sur-
faces in a similar way to PT -symmetric systems if we
define s′(k) for each point k in the momentum space.
In both the PT - and the CP -symmetric systems, the
exceptional surfaces can be characterized by the Z2 topo-
logical invariants. The same Z2 classifications stem from
topological unification of time-reversal and particle-hole
symmetries in the non-Hermitian gapped systems43,45.
By the transformation H → iH , the two symmetries can
be actually treated as one symmetry called K symmetry
in non-Hermitian systems41,86,87. As a result, the topo-
logical unification can be found in the characterization of
the exceptional surfaces.
B. Topological stability and drumhead bulk states
In order to see the topological stability, we consider
a simple exceptional line in the two-dimensional system.
The results in this section can be generalized to excep-
tional surfaces. Suppose that the exceptional line is de-
scribed by
H(k) = kxσx + kyσy + iδσz , (9)
where δ is a real constant. This model can be regarded
as a two-dimensional Dirac cone with the non-Hermitian
term iδσz , and realized in a honeycomb photonic crys-
tal with gain and loss78–80. The Hamiltonian has PT -
symmetry represented by PT = σxK. (If we perform
the transformation H → iH , the model becomes CP -
symmetric.) The eigenvalues are
E±(k) = ±
√
k2x + k
2
y − δ
2. (10)
Therefore, the exceptional line appears on k2x + k
2
y = δ
2.
Then, the topological invariant for the exceptional line is
s(k) =
{
+1 (k2x + k
2
y < δ
2)
−1 (k2x + k
2
y > δ
2)
. (11)
Thanks to the topological protection, the exceptional line
is stable as long as the Hamiltonian preserves the PT
symmetry.
Indeed, the exceptional line disappears by perturba-
tions breaking the PT symmetry of the Hamiltonian. If
we add the δ′σz term with a real constant δ
′ to Eq. (9),
the exceptional line vanishes because the eigenvalues be-
come E± = ±
√
k2x + k
2
y + δ
′2 − δ2 + 2iδ′δ. On the other
hand, if the iκxσx + iκyσy term is added, the excep-
tional line can become exceptional points42,64. When
κx and κy are real, the exceptional points emerge at
(kx, ky) = ±(−κy
√
δ2+κ2x+κ
2
y
κ2x+κ
2
y
, κx
√
δ2+κ2x+κ
2
y
κ2x+κ
2
y
).
From the topological property, the quasiparticle band
gap becomes zero on a region bordered by the excep-
tional line. The quasiparticle band gap is given by
∆q(k) = ReE+ − ReE− in non-Hermitian systems
64. In
this model, we can write the band gap as
∆q(k) =
{
0 (k2x + k
2
y ≤ δ
2)
2
√
k2x + k
2
y − δ
2 (k2x + k
2
y > δ
2)
. (12)
4Because ∆q(k) = 0 inside the exceptional line, the drum-
headlike gapless quasiparticles appear in the bulk. Al-
though the drumhead bulk states are analogous to drum-
head surface states of nodal-line semimetals21,22, these
zero-gap bulk states can be found since the eigenvalues
are purely imaginary inside the exceptional lines.
In general, we can see that a quasiparticle band gap can
vanish in the regions surrounded by exceptional surfaces
as follows. From the energy eigenvalue of the effective
model in Eq. (5), we obtain
∆q(k) = (1 + sgn(b0 · b0 − b1 · b1))
√
b0 · b0 − b1 · b1.
(13)
Therefore, the zero-gap states can appear when sgn(b0 ·
b0−b1·b1) changes. Since the change of sgn(b0·b0−b1·b1)
corresponds to that of s(k), the zero-gap quasiparticle
states are also protected by symmetry and topology. Cor-
respondingly, if we create exceptional points from an ex-
ceptional line by breaking the symmetry externally in
the two-dimensional system, the drumhead bulk states
change into bulk Fermi arc states.
IV. LATTICE MODELS
A. Exceptional surface in a PT -symmetric diamond
lattice
To obtain exceptional surfaces, we use a tight-binding
model on a diamond lattice with PT symmetry. We
write the three translation vectors as t1 =
a
2
(0, 1, 1),
t2 =
a
2
(1, 0, 1), and t3 =
a
2
(1, 1, 0), where a is the lat-
tice constant. The tight-binding model is
H =
∑
<ij>
tijc
†
i cj + i
∑
i
λic
†
i ci, (14)
where tij and λi are real constants. The first term
is nearest-neighbor hoppings between the sublattices A
and B. We assume that the hopping in direction of
τ = a
4
(1, 1, 1) is different from the other three nearest-
neighbor hoppings. We denote the nearest-neighbor hop-
ping in the direction of τ by tτ , and the other hoppings
by t. The second term represents gain and loss leading
to non-Hermiticity. λi takes values +λ(−λ) for the A(B)
sublattices. The model without the second term has been
studied as a nodal-line semimetal88,89. The Hamiltonian
in the momentum space is
H(k) =
(
tτ + t
∑
i
cos(k · ti)
)
σx + t
∑
i
sin(k · ti)σy + iλσz .
(15)
Here, σx,y,z are Pauli matrices acting on the sublattices.
In this model, the PT operator is given by PT = σxK.
We set tτ = 1.4t and λ = 0.1t to investigate an excep-
tional surface. The toruslike exceptional surface appears
around the point L = pi
a
(1, 1, 1), as shown in Fig. 2(a).
FIG. 2. (a) The exceptional surface around the L point in the
diamond lattice with tτ = 1.4t and λ = 0.1t. q is a wavevector
measured from the point L. (b) The topological invariant s(q)
in the qz = 0 plane. The red and the white regions represent
the areas with s(q) = +1 and −1, respectively. (c) and (d)
The real and the imaginary parts of the energy bands along
the dotted arrow in (b).
Then, the topological invariant s(k) changes in the mo-
mentum space. Figure 2(b) shows change in s(k) by the
exceptional surface. The red regions with s = +1 give
purely imaginary energy eigenvalues [Figs. 2(c) and 2(d)].
These results agree with the discussions in Secs. II and
III.
B. Exceptional lines in a two-dimensional
even-parity superconductor
We study even-parity non-Hermitian superconductors
with exceptional surfaces. We consider a Bogoliubov-
de Gennes Hamiltonian given by H = 1
2
∑
k
Ψ†
k
H(k)Ψk
with Ψ†
k
= (c†
k↑, c
†
k↓, c−k↑, c−k↓) and
H(k) =


ξk 0 0 ∆(k)
0 ξk −∆(k) 0
0 −∆˜(k) −ξk 0
∆˜(k) 0 0 −ξk

 , (16)
where ξk is a kinetic energy satisfying ξk = ξ−k, and
∆(k) and ∆˜(k) are gap functions. When ∆˜(k) 6= ∆∗(k),
the superconductor becomes non-Hermitian. The energy
eigenvalues are given by Ek = ±
√
ξ2
k
+∆(k)∆˜(k). In
the even-parity superconductors, ∆(k) = ∆(−k) and
∆˜(k) = ∆˜(−k). Such non-Hermitian superconductors
can be realized if the pairing potential is complex90.
Because of SU(2) symmetry, the superconducting
Hamiltonian in Eq. (16) can be rewritten as two 2×2 ma-
trices. Here, we assume that ∆˜(k) = −∆∗(k) to realize
5FIG. 3. (a) The topological invariant s′(k) for H+ in the
momentum space. The red (white) regions indicate s′(k) =
+1(−1). The boundaries between the two regions correspond
to the exceptional lines. (b) The solid (dotted) lines are the
real (imaginary) part of the energy bands on the ky = 0 line.
(c) and (d) The real and the imaginary parts of the energy
bands.
non-Hermiticity. Then, we obtain the block-diagonalized
Hamiltonians as
H±(k) = ±Im[∆(k)]iτx ± Re[∆(k)]iτy + ξkτz , (17)
where τx,y,z are Pauli matrices. The energy eigenvalues
are Ek = ±
√
ξ2
k
− |∆(k)|2, which define exceptional sur-
faces as ξ2
k
= |∆(k)|2. H± have particle-hole symmetry
C = τxK and inversion symmetry P = 1. Therefore, we
can use the topological invariant s′ to characterize the
exceptional surfaces for each of H± although the bands
of H are doubly degenerate.
In this model, we put ξk = 2t
′(cos kx + cos ky) and
∆(k) = ∆x2−y2(cos kx − cos ky) + i∆xy sin kx sin ky, as
an example of the two-dimensional even-parity supercon-
ductors. The hopping t′ and the gap functions ∆x2−y2
and ∆xy are real. We set the lattice constant to unity.
Figure 3 shows exceptional lines in this model with
∆x2−y2 = 0.2t
′ and ∆xy = 0.1t
′. From Fig. 3 (a), we
find the exceptional lines as changes of s′(k), which are
depicted by the boundaries between the red and the white
regions in the momentum space. The real and the imagi-
nary parts of the energy become zero in the regions with
s′ = −1 and s′ = +1 in Fig. 3 (a), respectively. As seen
in Fig. 3 (b)-3(d), the non-Hermitian superconductor has
topological nodes even if ∆(k) 6= 0.
V. CONCLUSION AND DISCUSSION
In this paper, we have studied exceptional surfaces in
non-Hermitian systems with PT and CP symmetries.
We have shown that the exceptional surfaces are topolog-
ically stable when PT or CP symmetry is present. The
results can be universally applied to d-dimensional non-
Hermitian systems when d ≥ 1. The exceptional surfaces
yield novel zero-gap quasiparticle states. On the other
hand, if the symmetry is broken by perturbations, the
exceptional surfaces disappear. Our theory is also con-
firmed by our calculation based on the lattice models.
From our study, we can see how to realize topo-
logical exceptional surfaces. As a Dirac cone in two-
dimensional systems becomes an exceptional line by
PT -symmetric non-Hermitian perturbations78–80, a two-
dimensional exceptional surface can be obtained from
a topological nodal line in three-dimensional systems.
Because a photonic crystal with a nodal line is sug-
gested theoretically91, photonic systems have the poten-
tial for experimental realization of the exceptional sur-
face. Meanwhile, topological phase transitions typically
need band touching in the bulk. If the band touching
happens by tuning parameters, an exceptional surface
can appear in the PT - and the CP -symmetric systems.
Therefore, when the system has the exceptional surface,
the phase may be regarded as a non-Hermitian intermedi-
ate phase between trivial and topological gapped phases.
Moreover, because four-dimensional quantum Hall effects
have been proposed by using synthetic dimension92–95,
non-Hermitian topological exceptional surfaces in higher-
dimensional systems are feasible.
Note added. Recently, we became aware of a re-
lated work96, which studies exceptional surfaces in view
of Bernard and LeClair classes. Additionally, PT -
symmetric photonic crystals with exceptional surfaces are
also theoretically proposed97.
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